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ABSTRACT

If fis the characteristic function of a difference set in Fem F = GF(2), then
the words of minimum weight in the code spanned by f and the 1St order
Reed-Muller code give rise to a Hadamard design R(f) with parameters
(v, k, L) = (22m,92m—1_gm—1 92m—2_ gm—1) thesameasthoseofthetranslate
design. W. M. Kantor and others have investigated block designs with the
property that the symmetric difference of any three blocks is itself either a
block or the complement of a block.

In this paper we show that any design with this symmetric difference
property is, up to complementation, equivalent to an R(f) design.

1. INTRODUCTION

A combinatorial block design with parameters (v, k, A, r, b) is a collection D of b
k-subsets (blocks) of a v-set V (points) such that any pair of points is contained in
exactly A blocks and any single point is contained in exactly r blocks. Such a design
is completely specified by its incidence matrix whose rows and columns are indexed
by the blocks and points respectively, an entry in the matrix being 1 or 0 according to
whether the corresponding block and point are incident or not incident. A symmetric
block design is a block design with & = v; that is, the number of blocks equals the
number of points. Symmetric designs are characterized by the property that the
number of points in the intersection of any two blocks is independent of the pair of
blocks chosen. In fact, if D is symmetric then any pair of blocks must meet in exactly
A points. The symmetric design arises from a difference set if the incidence matrix is

o (] Ta On DIt & ) = L)

nw

gv—1}. In thiscas the blocks of the design are the v translatesin G of subset D of
which f is the characteristic function. These facts may be found in any good
combinatorics book; e.g. [3].
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A symmetric design is said to have the symmetric difference property if the
symmetric difference of any three blocks is either a block or the complement of a
block. A design with this property is called an SDP-design. In this paper we
determine all symmetric designs with the symmetrie difference property. Our
characterization of SDP-designs employs several well-known properties of difference
sets D in F2™ F = GF(2). We shall identify these with their characteristic functions
which in the context of Coding Theory are sometimes called bent functions and
which are characterized as being those functions on F2™ which are of covering radius
distance from the 1St order Reed-Muller code RM(1, 2m). In particular, associated
with any difference set ff, there are two symmetric designs, both having parameters

p=22m k=22m-1_2m-1 A=22m-2._9m—1, (*)
We denote by T'(fp) the usual translate design which has incidence matrix

[fplx+3)]

and we denote by R(fp) the design whose incidence matrix has rows given by the
words of minimum weight in the code spanned by fpand RM(1, 2m).

Our main result asserts that the symmetric difference property precisely
characterizes the R(fp) designs. Specifically, we prove the following theorem and
corollaries.

THEOREM. Let D be any symmetric (v, k, X) block design with k < v/2,v > 2. D
has the symmetric difference property if and only if D is isomorphic to R(fp) for some
difference set D.

COR(_)LLARY 1. Let D be any symmetric design with the Hadamard parameters (*}
and let M be an incidence matrix for D. If the 2-rank of M is 2m + 2 and the row space
of M over GF(2) contains the all-1 vector then D is tsomorphic to R(fp) for some
difference set D.

COROLLARY 2. Let D be a difference set in F2™, The incidence matrix [T(fp)] of the
design T(fp) has rank 2m +2 if and only if there is a difference set E in F2™ gych that
T(fp) is isomorphic to R(fg) or its complement.

The symmetric difference property was introduced by W. M. Kantor [4]. Kantor
derived a number of necessary conditions on designs that satisfy the symmetric
difference property. He proved that an SDP-design, or its complement, must have
the Hadamard parameters (*), and he associated an incidence geometry with each
such design. The primary examples of SDP-designs that Kantor studied and which

(fp)obtained when [ is a
quadratic form on F2™, In this case the (& 1)-incidence matrix may be taken to be
-111
1-11
11-1
111 -
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and the difference set is the well-known Menon-Turyn set obtained from singleton
sets in 4-groups via the tensor product of Hadamard maftrices.

SDP-designs were also the topic of a recent doctoral dissertation {1] in which
P. J. Bush studied SDP-designs on 64 points with the aim of finding all such designs.
The examples of SDP-designs that Bush investigated were constructed using
inductive methods. The complete classification of SDP-designs on 64 points is now a
consequence of the main theorem of the present paper together with the known
theory of R(f) designs. It is easy to see [5] that R(fp) and R(fg) are isomorphic
designs if and only if f;, and f5 are weakly affinely equivalent functions; i.e.

J0 €GA(2m,2)> ngfE(mod RM(,2m)).

Rothaus [7] proved that up to weak affine equivalence there are exactly four distinct
bent functions on F®. Hence, there are exactly four distinct SDP-designs on 64
points.

We will henceforth assume that the reader is familiar with the basic definitions
and facts on codes and designs. If D is a symmetric design then blocks of D are
denoted by capital letters. An incidence matrix for D is a v x v matrix in which the
rows are indexed by the blocks of D and the columns are indexed by the points and
the (B, p) entry is 1 if p ¢ B, 0 otherwise. A block B is identified with the
corresponding row of the incidence matrix. This row is called an incidence vector of
B. The symmetric difference of blocks corresponds to the mod 2 sum of their
incidence vectors and is therefore denoted by addition. A function f on F2™ ig
identified with the incidence vector (0), (1), ..., 22" —1)) where fi) denotes the
value of f on the binary expansion of i. The code {(f) is defined to be the space
spanned by the incidence vector of f and the first order Reed-Muller code RM(1, 2m).

2. MAIN RESULTS

The proof of the main theorem requires one lemma. This lemma is actually a
reformulation of a familiar result from geometry. It may also be found as Problem 41
on p. 28 of [6] where it is stated in terms of the extended Hamming Code which is the
dual of RM(1, m).

LEMMA. If a binary linear code C has the same parameters and weight
distribution as the first order Reed-Muller code RM(1, m) then C is equivalent to
RM(1, m).

Proof. Let Cbe a code of length 2™, dimension m + 1, minimum distance 27~ Land
weight distribution

Ag=1=Agm, Agm_1=2"F1_2

Form a new code C' by first selecting all codewords of C with a zero in the first
coordinate, and then deleting this zero coordinate from each codeword. Then C' has
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the same parameters as the binary simplex code S(m): length n = 2™ _1, dimension
k = m,minimum distance d = 2™~ 1 and weightdistribution

Let M be an mXn generator matrix for C'. Since the dual of S$(m) has minimum
weight 3 so must the dual of C, and so the columns of M must be distinct and
nonzero. The permutation which places the columns of M in lexicographic order
defines an equivalence between C' and S(m). Moreover, it is now clear that C is
equivalent to RM(1, m).

We are now in a position to prove the Theorem.

Assume that D has the symmetric difference property. Denote the all-1 vector of
length v by 1. Following Kantor [4], we define a hyperplane to be any point set of the
form B+C, or 14+B+C, where B,Ce D, B=C. First we prove that the number of
hyperplanes is 2(v—1). Note that for any fixed hyperplane H every block B
determines a unique block C such that H = B+Cor i = 1+B+C. Now consider the
set

T={(H,B,C): Hisahyperplane, B,CeD, H=B+CorH = 1+B+C}.

Suppose there are N distinct hyperplanes. Then there are N choices for H, and v
choices for B, so [T| = Nv. On the other hand, there are v choices for B, v—1 choices
for C and 2 choices for H. Hence |T] = 2s(v—1) and N = 2(v—1).

Next we prove that there are three blocks whose sum is the complement of a
block. Assume tHat this is not the case. Then it follows that the intersection of any
three blocks has constant cardinality. Butin this case we see that the derived design
Dy on any fixed block B has the property that the intersection of any two blocks has
constant cardinality. Thus, Dy must be a symmetric design. Equating the number
of points and blocks in Dgp we obtain ¥ = v—1. Thisisa contradiction because
k < v/2 and v > 2. Hence, there exist three blocks whose sum is the complement of a
block, and so the space spanned by the blocks of D contains the all-1 vector.

~ Now let C denote the collection of hyperplanes together with 0 and 1. We claim
that Cis a binary linear code and that Cis equivalent,to RM(1, 2m) for some m. KB,
C, D, and E are blocks and B = C,D = E, and B+C = D+E then

B+CO)+(D+E) = (B+C_+D)+E' =F+Eor 1+F+E

for some block . Hence, the sum of two hyperplanes is a hyperplane. Thus, Cis a
code and [(] = 2(v—1)+2 = 2v. It follows that vis a power of 2. A familiar result of
H.B. Mann (2] asserts that if D is a nontrivial symmetric (v, k, 1) design in which v is

——apowerof 2amd k<2 thew Drhas parameters
v=22m, fp=22m—1_9m—1 }=92m—2_9m—_1
for some m. Now I(.] = 22Zm+1 55 C has dimension 2m+1. Also, every hyperplane

has 2(k—2A) = 22m~1points, so Chas the weight distribution of RM(1, 2m). Thus, by
the Lemma, Cis equivalent to RM( 1,2m),
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Let €’ denote the code generated by all the blocks in D, and fix a block B in D,
Then C’ contains:

1) 22m  codewords of the form B, B e D,

2) 22m  codewords of the form 1+B,BeD,

3) 22m_1 codewords of the form By+B,B e D, B = By,

4) 92m_1 codewords of the form 1+Bo+ B,Be D, B = By,
5) Oand1l.

The codewords of type 3 and 4 account for all hyperplanes so C' contains C.
Moreover, the symmetric difference property insures that every codeword in Cis
among the codewords listed above, so C' has dimension 2m +2. Hence, (" coincides
with the code spanned by C and By.

Denote the permutation of coordinate positions which maps Cto RM(1, 2m) by n.
ItisclearthatBomeetseveryhyperplaneinCin22”"“2-—2""" points or 22™—2points,
Therefore, by the geometric characterization of elementary Hadamard difference
sets [2] we see that the image of Bo under n is the incidence vector of the
characteristic function fp, of a difference set D in F2m_ Moreover, n defines an
equivalence between the code C' and the code C(fp) spanned by /5 and RM(1, 2m). In
particular, the minimum weight codewords of C' are mapped onto the minimum
weight codewords of C(fp)) by n. Thus, D isisomorphic to R(fp).

Conversely, we must show that every design R(fp) has the symmetric difference
property. But every block of R(fp) has a characteristic function of the form
fp(y)+xy+u, where x is fixed, y varies, and u, is 0 or 1. Hence, the sum of the
three blocks fp(y)+a-y+u,, fp¥)+by+u,, and fp(y)+ey+u, is clearly a block
or the complement of a block. This completes the proof of the Theorem. - |

We shall prove Corollary 1 by showing that D has the symmetric difference
property. Let Cbe the code generated by the rows of M. C contains 227 codewords of
weight 22m—1_2m—1 corresponding to the blocks of D and 22™ codewords of weight
92m—1 4 9m—1 corregponding to the complements of the blocks. Fix a block B,. Then,
for any block B = B, we obtain a codeword By+B of weight 22m—1, Moreover, the
complement of such a codeword has weight 22m—1 If By+A = By+B+1 then
A+B = 1, which is a contradiction. Hence C has 22m+!_2 distinct codewords of
weight 22m—1, Since Chasrank 2m +2 we have now accounted for all codewordsin C.

Now it is easy to see that the codewords of weight 22m—1 ysoether with 0 and 1
form a subcode of C. For, the sum of any two codewords of the form Bg+B+e,(e = 0

or 1) clearly has weight 22— 1. Hence, given any three blocks A, B, C in D there
exists a block D such that

(Bo+A)+(Bo+B)+(Bg+C) = (Bog+D)+e,

where ¢ is 0 or 1. Therefore, A+B+C = D+¢, so D has the symmetric difference
property, and the result follows. :
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Finally Corollary 2 follows from Corollary 1 and the elementary observations
that if D is any difference set in F27 then the incidence matrix of the translate
design T(fy) has row space containing the all 1 vector while the incidence matrix of
R(fp) has rank 2m +2, i
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