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Chapter 0

Preface

This is a preface.
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Chapter 1

The Integral

The subject of Di®erential Calculus starts with the \simple" geometrical idea of
the slope of a tangent line to a curve, develops it into a combination of theory
about derivatives and their properties, techniques for calculating derivatives,
and applications of derivatives. This book begins the development of Integral
Calculus and starts with the \simple" geometric idea of area. This idea will
be developed into another combination of theory, techniques, and applications.
The integral will be introduced in two (completely di®erent) way: as a limit
of \Riemann sums" and as an \inverse" of di®erentiation (\anti-derivative" ).
Conceptually, one is geometric, or numerical, and the other is somewhat more
algebraic.

One of the most important results in mathematics, The Fundamental Theo-
rem of Calculus, appears in this chapter. It connects these two notions of the
integral and also provides a relationship between di®erential and integral calcu-
lus. Historically, this theorem marked the beginning of modern mathematics,
and it provided important tools for the growth and development of the sciences.
The chapter begins with a look at area, some geometric properties of areas, and
some applications. First we will see ways of approximating the areas of regions
such as tree leaves that are bounded by curved edges and the areas of regions
bounded by graphs of functions. Then we will ¯nd ways to calculate the areas
of some of these regions exactly. Finally, we will explore more of the rich variety
of uses of \areas". The primary purpose of this introductory section is to help
develop your intuition about areas and your ability to reason using geometric
arguments about area. This type of reasoning will appear often in the rest of
this book and is very helpful for applying the ideas of calculus.

1.1 Area

We know from previous experience how to compute the areas of simple geomet-
rical shapes, like triangles and circles and rectangles. Formulas for these have
been known since the days of the ancient Greeks. But, how do you ¯nd the area

1



1.1. AREA

under a \more complicated" curve, such asy = x2, ¡ 1 < x < 1? First, let's
graph it. For this, we can useSAGE as follows1:

SAGE

sage: a = -1; b = 1
sage: f = lambda x: xˆ2
sage: Lb = [[b,f(b)],[b,0],[a,0],[a,f(a)]]
sage: Lf = [[i/20,f(i/20)] for i in range(20 * a,20 * b+1)]
sage: P = polygon(Lf+Lb,rgbcolor=(0.2,0.8,0))
sage: Q = plot(f(x),x,a-0.5,b+0.5)
sage: show(P+Q)

Here is the plot:

Figure 1.1: Plot using SAGE of y = x2.

The rough, general idea introduced in this section is the following. To compute
the area of the \complicated" shaded region in Figure 1.1, we break it up into
lots of \simpler" subregions, whose areas are easy to compute, then add them
up to get the total area. We shall return to this example later.

The basic shape we will use is the rectangle; the area of a rectangle is (base)£ (height).
If the units for each side of the rectangle are \meters," then the area will have
the units (\meters") £ (\meters") = \square meters" = m2 . The only other area
formulas needed for this section are for triangles, area =bh=2, and for circles,
area = ¼r2 . Three other familiar properties of area are assumed and will be
used:

² Addition Property: The total area of a region is the sum of the areas of
the nonoverlapping pieces which comprise the region. (Figure 1.2)

² Inclusion Property: If region B is on or inside region A, then the area of
region B is less than or equal to the area of region A. (Figure 1.3)

1Feel free to try this yourself, changing a, b and x2 to something else if you like.
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1.1. AREA

² Location-Independence Property: The area of a region does not depend
on its location. (Figure 1.4)

Figure 1.2: Addition of areas.

Figure 1.3: Estimating areas using rectangles.

Figure 1.4: Independence of area under translations and rotations.

Example 1.1.1. Determine the area of the region in Figure 1.5(a).
Solution: The region can easily be broken into two rectangles, Figure 1.5(b),

with areas 35 square inches and 3 square inches respectively, so the area of the
original region is 38 square inches.

We can use the three properties of area to get information about areas that
are di±cult to calculate exactly. For instance, let A be the region bounded by
the graph of f (x) = 1 =x, the x{axis, and vertical lines at x = 1 and x = 3.

3



1.1. AREA

Figure 1.5: Figure for Example 1.1.1.

Since the two rectangles in Figure 1.6 are inside the region A and do not overlap
each, the area of the rectangles, 1=2 + 1=3 = 5=6, is less than the area of region
A.

Figure 1.6: The area under ofy = 1=x, 1 · x · 3.

Practice 1.1.1. Build two rectangles, each with base 1 unit, outside the shaded
region in Figure 1.6 and use their areas to make a valid statement about the
area of region A.

(Ans: Outside rectangular area = 1:5.)

Practice 1.1.2. What can be said about the area of region A in Figure 1.6 if
we use both inside and outside rectangles with base 1/2 unit?

(Ans: The area of the region is between0:95 and 1:2.)

Example 1.1.2. In Figure 1.7, there are 32 dark squares, 1 centimeter on a
side, and 31 lighter squares of the same size. We can be sure that the area of
the leaf is smaller than what number?

Solution: The area of the leaf is smaller than32 + 31 = 63 cm2.

Practice 1.1.3. We can be sure that the area of the leaf is at least how large?
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1.1. AREA

Figure 1.7: The area of a \leaf".

Functions can be de¯ned in terms of areas. For the constant functionf (t) = 2,
de¯ne A(x) to be the area of the rectangular region bounded by the graph off ,
the t-axis, and the vertical lines at t = 1 and t = x (Figure 1.8(a)). Then A(2) is
the area of the shaded region in Figure 1.8(b), andA(2) = 2. Similarly, A(3) = 4
and A(4) = 6. In general, A(x) = (base)£ (height) = ( x ¡ 1)(2) = 2 x ¡ 2, for
any x ¸ 1. The graph of y = A(x) is shown in Figure 1.8(c), andA0(x) = 2 for
every value ofx > 1.

Figure 1.8: The area as a function.

Sometimes it is useful to move regions around. The area of a parallelogram is
obvious if we move the triangular region from one side of the parallelogram to
¯ll the region on the other side and ending up with a rectangle (Figure 1.9).

Figure 1.9: The area of a parallelogram.
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1.2. SOME APPLICATIONS OF AREA

At ¯rst glance, it is di±cult to estimate the total area of the shaded regions
in Figure 1.10(a). However, if we slide all of them into a single column (Figure
1.10(b)), then it is easy to determine that the shaded area is less than the area
of the enclosing rectangle = (base)£ (height) = (1)(2) = 2.

Figure 1.10: An irregular area.

1.2 Some applications of area

One reason \areas" are so useful is that they can represent quantities other than
simple geometric shapes. For example, if the units of the base of a rectangle
are \hours" and the units of the height are \miles/hour", then the units of the
\area" of the rectangle are (hours)£ (miles/hour) = miles, a measure of distance.
Similarly, if the base units are centimeters and the height units are grams, then
the \area" units are gram£ centimeters, a measure of work.

Example 1.2.1. Distance as an \area:" In Figure 1.11, f (t) is the velocity of
a car in \miles per hour," and t is the time in \hours." Then the shaded \area"
will be (base)£ (height) = (3 hours) £ (20 miles/hour ) = 60 miles, the distance
traveled by the car in the 3 hours from 1 o'clock until 4 o'clock.

Figure 1.11: Distance as \area".

Here is the general statement of the idea illustrated in the example above.
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1.2. SOME APPLICATIONS OF AREA

Theorem 1.2.1. (\Area" as Distance) If f (t) is the (positive) forward velocity
of an object at time t, then the \area" between the graph off and the t-axis and
the vertical lines at times t = a and t = b will be the distance that the object has
moved forward between timesa and b.

This \area as distance" fact can make some di±cult distance problems much
easier.

Example 1.2.2. A car starts from rest (velocity = 0) and steadily speeds up so
that 20 seconds later it's speed is 88 feet per second (60 miles per hour). How
far did the car travel during those 20 seconds?

Solution: If \steadily speeds up" means that the velocity increases linearly,
then the idea of \area as distance" is applicable. The \area"of the triangular
region (Figure 1.12) represents the distance traveled, so

distance = 1
2 (base)£ (height)

= 1
2 (20 seconds)£ (88 feet=second)

= 880 feet:

Figure 1.12: Distance a car travels as \area".

Practice 1.2.1. A train traveling at 45 miles per hour (66 feet/second) takes
60 seconds to come to a complete stop. If the train slowed downat a steady rate
(the velocity decreased linearly), how many feet did the train travel while coming
to a stop?

Practice 1.2.2. You and a friend start o® at noon and walk in the same di-
rection along the same path at the rates shown in Figure 1.13.

² Who is walking faster at 2 pm? Who is ahead at 2 pm?

² Who is walking faster at 3 pm? Who is ahead at 3 pm?

² When will you and your friend be together? (Answer in words.)
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1.2. SOME APPLICATIONS OF AREA

Figure 1.13: Illustration for Practice 1.2.2.

1.2.1 Total Accumulation as \Area"

In the previous examples, the function represented a rate of travel (miles per
hour), and the area represented the total distance traveled. For functions rep-
resenting other rates such as the production of a factory (bicycles per day), or
the °ow of water in a river (gallons per minute) or tra±c over a bridge (cars
per minute), or the spread of a disease (newly sick people per week), the area
will still represent the total amount of something.

Theorem 1.2.2. (\Area" as Total Accumulation) If f (t) represents a positive
rate (in units per time interval) at time t, then the \area" between the graph of
f and the t-axis and the vertical lines at timest = a and t = b will be the total
units which accumulate between timesa and b.

Practice 1.2.3. Figure 1.14 shows the number of telephone calls made per hour
on a Tuesday. Approximately how many calls were made between9 am and 11
am?

Figure 1.14: Illustration for Practice 1.2.3.

1.2.2 Problems

1. (a) Calculate the sum of the rectangular areas in Figure 1.15(a).

(b) From part (a), what can we say about the area of the shaded region
in Figure 1.15(b)?
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1.2. SOME APPLICATIONS OF AREA

2. (a) Calculate the sum of the areas of the shaded regions in Figure 1.15(c).

(b) From part (a), what can we say about the area of the shaded region
in Figure 1.15(b)?

Figure 1.15: Estimating areas.

3. Let A(x) represent the area bounded by the graph and the horizontal axis
and vertical lines at t = 0 and t = x for the graph in Fig. 25. Evaluate
A(x) for x = 1, 2, 3, 4, and 5.

Figure 1.16: Computing areas.

4. Police chase: A speeder traveling 45 miles per hour (in a 25 mph zone)
passes a stopped police car which immediately takes o® after the speeder.
If the police car speeds up steadily to 60 miles/hour in 20 seconds and
then travels at a steady 60 miles/hour, how long and how far before the
police car catches the speeder who continued traveling at 45 miles/hour?
(Figure 1.17)

Figure 1.17: Computing areas.
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1.3. SIGMA NOTATION AND RIEMANN SUMS

5. What are the units for the \area" of a rectangle with the given base and
height units?

Base units Height units \Area" units
miles per second seconds

hours dollars per hour
square feet feet
kilowatts hours
houses people per house
meals meals

1.3 Sigma notation and Riemann sums

One strategy for calculating the area of a region is to cut the region into simple
shapes, calculate the area of each simple shape, and then add these smaller
areas together to get the area of the whole region. We will use that approach,
but it is useful to have a notation for adding a lot of values together: the sigma
(§) notation.

The function to the right of the sigma is called the summand , and the num-
bers below and above the sigma are called thelower and upper limits of the
summation. (Figure 1.18)

Figure 1.18: Summation notation.
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1.3. SIGMA NOTATION AND RIEMANN SUMS

x f (x) g(x) h(x)
1 2 4 3
2 3 1 3
3 1 2 3
4 0 3 3
5 3 5 3

Figure 1.19: Table for Example 1.3.1.

Summation A way to read Sigma
notation the sigma notation notation

12 + 2 2 + 3 2 + 4 2 + 5 2 the sum of k squared
P 5

k=1 k2

for k equals 1 tok equals 5
1
3 + 1

4 + 1
5 + 1

6 + 1
7 the sum of 1 overk

P 7
k=3 k¡ 1

for k equals 3 tok equals 7
20 + 2 1 + 2 2 + 2 3 + 2 4 + 2 5 the sum of 2 to the j -th power

P 5
j =0 2j

for j equals 0 toj equals 5
a2 + a3 + a4 + a5 + a6 + a7 the sum of a sub i

P 7
i =2 ai

for i equals 2 toi equals 7

The variable (typically i , j , or k) used in the summation is called thecounter
or index variable .

Practice 1.3.1. Write the summation denoted by each of the following:

(a)
P 5

k=1 k3, (b)
P 7

j =2 (¡ 1)j 1
j , (c)

P 4
m =0 (2m + 1) .

In practice, the sigma notation is frequently used with the standard function
notation:

3X

k=1

f (k + 2) = f (1 + 2) + f (2 + 2) + f (3 + 2) = f (3) + f (4) + f (5)

and
4X

k=1

f (x i ) = f (x1) + f (x2) + f (x3) + f (x4):

Example 1.3.1. Use the values in Table 1.19 to evaluate
P 5

k=2 2f (k) and
P 5

j =3 (5 + f (j ¡ 2)).

Solution:
P 5

k=2 2f (k) = 2 f (2) + 2 f (3) + 2 f (4) + 2 f (5) = 2(3) + 2(1) + 2(0) +
2(3) = 14.

P 5
j =3 (5 + f (j ¡ 2)) = (5 + f (32)) + (5 + f (42)) + (5 + f (52)) =

(5 + f (1)) + (5 + f (2)) + (5 + f (3)) = (5 + 2) + (5 + 3) + (5 + 1) = 21 .
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1.3. SIGMA NOTATION AND RIEMANN SUMS

Practice 1.3.2. Use the values off , g and h in Table 1.19 to evaluate the
following:

(a)
5X

k=2

g(k); (b)
4X

j =1

h(j ); (c)
5X

i =3

[f (i ¡ 1) + g(i )]:

Since the sigma notation is simply a notation for addition, it has all of the
familiar properties of addition.

Theorem 1.3.1. (Summation Properties)

² Sum of Constants:
P n

k=1 C = C + C + C + ¢ ¢ ¢+ C (n terms) = nC.

² Addition:
P n

k=1 (ak + bk ) =
P n

k=1 ak +
P n

k=1 bk .

² Subtraction:
P n

k=1 (ak ¡ bk ) =
P n

k=1 ak ¡
P n

k=1 bk .

² Constant Multiple:
P n

k=1 Cak = C
P n

k=1 ak .

² Preserves positivity: if bk ¸ ak for all k then
P n

k=1 bk ¸
P n

k=1 ak . In
particular, if ak ¸ 0 for all k then

P n
k=1 ak ¸ 0.

² Additivity of ranges: if 1 · m · n then
P m

k=1 ak +
P n

k= m +1 ak =
P n

k=1 ak .

1.3.1 Sums of areas of rectangles

Later, we will approximate the areas under curves by building rectangles as
high as the curve, calculating the area of each rectangle, and then adding the
rectangular areas together.

Example 1.3.2. Evaluate the sum of the rectangular areas in Figure 1.20, and
write the sum using the sigma notation.

Solution: We have

sum of the rectangular areas = sum of (base)£ (height) for each rectangle
= (1)(1 =3) + (1)(1 =4) + (1)(1 =5) = 47=60:

Using the sigma notation,

(1)(1=3) + (1)(1 =4) + (1)(1 =5) =
3X

k=1

1
k

:

Practice 1.3.3. Evaluate the sum of the rectangular areas in Figure 1.21, and
write the sum using the sigma notation.

Example 1.3.3. Write the sum of the areas of the rectangles in Figure 1.22
using the sigma notation.

Solution: The area of each rectangle is (base)£ (height).

12



1.3. SIGMA NOTATION AND RIEMANN SUMS

Figure 1.20: Area and summation notation.

Figure 1.21: Area and summation notation.

rectangle base height area
1 x1 ¡ x0 f (x1) (x1 ¡ x0)f (x1)
2 x2 ¡ x1 f (x2) (x2 ¡ x1)f (x2)
3 x3 ¡ x2 f (x3) (x3 ¡ x2)f (x3)

The area of the k-th rectangle is (xk ¡ xk ¡ 1)f (xk ), and the total area of the
rectangles is the sum

P 3
k=1 (xk ¡ xk ¡ 1)f (xk ).

Figure 1.22: Area and summation notation.
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1.3. SIGMA NOTATION AND RIEMANN SUMS

1.3.2 Area under a curve Riemann sums

Suppose we want to calculate the area between the graph of a positive function
f and the interval [a; b] on the x{axis (Fig. 7). The Riemann Sum method is to
build several rectangles withy = f (x) bases on the interval [a; b] and sides that
reach up to the graph of f (Fig. 8). Then the areas of the rectangles can be
calculated and added together to get a number called aRiemann sum of f
on [a; b]. The area of the region formed by the rectangles is anapproximation
of the area we want.

Example 1.3.4. Approximate the area in Figure 1.23(a) between the graph of
f and the interval [2; 5] on the x{axis by summing the areas of the rectangles in
Figure 1.23(b).

Solution: The total area of rectangles is(2)(3) + (1)(5) = 11 square units.

Figure 1.23: Illustration for Example 1.3.4.

In order to e®ectively describe this process, some new vocabulary is helpful:
a \partition" of an interval and the mesh of the partition. A partition P
of a closed interval [a; b] into n subintervals is a set of n + 1 points f x0 =
a; x1; x2; x3; :::; xn ¡ 1; xn = bg in increasing order, a = x0 < x 1 < x 2 < x 3 <
::: < x n = b. (A partition is a collection of points on the axis and it does not
depend on the function in any way.)

The points of the partition P divide the interval into n subintervals (Figure
1.24): [x0; x1], [x1; x2], [x2; x3], . . . , and [xn ¡ 1; xn ] with lengths ¢ x1 = x1 ¡ x0,
¢ x2 = x2 ¡ x1, . . . , ¢ xn = xn ¡ xn ¡ 1. The points xk of the partition P are
the locations of the vertical lines for the sides of the rectangles, and the bases
of the rectangles have lengths ¢xk for k = 1 ; 2; 3; :::; n.

The mesh or norm of the partition is the length of the longest of the subin-
tervals [xk ¡ 1; xk ], or, equivalently, the maximum of the ¢ xk for k = 1 ; 2; 3; :::; n.
For example, the setP = f 2; 3; 4:6; 5:1; 6g is a partition of the interval [2 ; 6] and
divides it into 4 subintervals with lengths ¢ x1 = 1, ¢ x2 = 1 :6, ¢ x3 = 0 :5 and
¢ x4 = 0 :9. The mesh of this partition is 1:6, the maximum of the lengths of

14



1.3. SIGMA NOTATION AND RIEMANN SUMS

Figure 1.24: Partition of the interval [ a; b].

the subintervals. (If the mesh of a partition is \small," then the length of each
one of the subintervals is the same or smaller.)

A function, a partition, and a point in each subinterval determine a Rie-
mann sum. Supposef is a positive function on the interval [a; b], P = f x0 =
a; x1; x2; x3; :::; xn ¡ 1; xn = bg is a partition of [ a; b], and ck is an xvalue in the k-
th subinterval [ xk ¡ 1; xk ] : xk ¡ 1 · ck · xk . Then the area of thek-th rectangle
is f (ck ) ¢(xk ¡ xk ¡ 1) = f (ck )¢ xk . (Figure 1.25)

Figure 1.25: Part of a Riemann sum.

De¯nition 1.3.1. A summation of the form
P n

k=1 f (ck )¢ xk is called a Rie-
mann sum of f for the partition P.

This Riemann sum is the total of the areas of the rectangular regions and is
an approximation of the area between the graph off and the x{axis.

Example 1.3.5. Find the Riemann sum for f (x) = 1 =x and the partition
f 1; 4; 5g using the valuesc1 = 2 and c2 = 5 .

Solution: The two subintervals are[1; 4] and [4; 5] so ¢ x1 = 3 and ¢ x2 = 1 .
Then the Riemann sum for this partition is

nX

k=1

f (ck )¢ xk = f (c1)¢ x1 + f (c2)¢ x2 = f (2)(3) + f (5)(1) =
1
2

(3) +
1
5

(1) = 1 :7:

15



1.3. SIGMA NOTATION AND RIEMANN SUMS

Practice 1.3.4. Calculate the Riemann sum forf (x) = 1 =x on the partition
f 1; 4; 5g using the valuesc1 = 3 , c2 = 4 .

Practice 1.3.5. What is the smallest value a Riemann sum forf (x) = 1 =x
and the partition f 1; 4; 5g can have? (You will need to select values forc1 and
c2.) What is the largest value a Riemann sum can have for this function and
partition?

Here is aSAGE example.

Example 1.3.6. Using SAGE, we construct the Riemann sum of the function
y = x2 using a partition of 6 equally spaced points, where theck 's are taken to
be the midpoints.

SAGE

sage: f1(x) = xˆ2
sage: f = Piecewise([[(-1,1),f1]])
sage: g = f.riemann_sum(6,mode="midpoint")
sage: P = f.plot(rgbcolor=(0.7,0.1,0.5), plot_points=40 )
sage: Q = g.plot(rgbcolor=(0.7,0.6,0.6), plot_points=40 )
sage: L = add([line([[pf[0][0],0],[pf[0][0],pf[1](x=pf [0][0])]],\

rgbcolor=(0.7,0.6,0.6)) for pf in g.list()])
sage: show(P+Q+L)

Here is the plot:

Figure 1.26: Plot using SAGE of a Riemann sum fory = x2.

At the end of this section is a Python2 program listing for calculating Riemann
sums of f (x) = 1 =x on the interval [1; 5] using 100 subintervals. It can be

2Python is a cross-platform, free and open source computer la nguage. It is widely
used in industry and academicia, and is available for downlo ad at http://www.python.org/ .
Alternatively, you can download the mathematical software system SAGE from
http://www.sagemath.org/ . It comes with Python pre-installed.

16
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1.3. SIGMA NOTATION AND RIEMANN SUMS

modi¯ed easily to work for di®erent functions, di®erent endpoints, and di®erent
numbers of subintervals. Table 1.27 shows the results of running the program
with di®erent numbers of subintervals and di®erent ways of selecting the points
ci in each subinterval. When the mesh of the partition is small (and the number
of subintervals large), all of the ways of selecting theci lead to approximately
the same number for the Riemann sums.

17



1.3. SIGMA NOTATION AND RIEMANN SUMS

Here is a Python program to calculate Riemann sums off (x) = 1 =x on [1; 5]
using 100 equal length subintervals, based on the \lefthand" endpoints.

Python

f = lambda x: 1/x # define the function
a = 1.0 # left endpoint of integral
b = 5.0 # right endpoint of integral
n = 100 # number of subintervals
Dx = (b-a)/n # width of each subinterval
rsum = sum([f(a+i * Dx) * Dx for i in range(n)]) # compute the Riemann sum
print rsum # print the Riemann sum

Other Riemann sums can be calculated by replacing the \rsum" line with one
of:

rsum = sum([f(a+(i+0.5)*Dx)*Dx for i in range(n)]) \midpoint"
rsum = sum([f(a+(i+1)*Dx)*Dx for i in range(n)]) \right-hand"

Written as Python \functions", these three are written as below 3

Python

def rsum_lh(n):
f = lambda x: 1/x
a = 1.0
b = 5.0
Dx = (b-a)/n
return sum([f(a+i * Dx) * Dx for i in range(n)])

def rsum_mid(n):
f = lambda x: 1/x
a = 1.0
b = 5.0
Dx = (b-a)/n
return sum([f(a+(i+0.5) * Dx) * Dx for i in range(n)])

def rsum_rh(n):
f = lambda x: 1/x
a = 1.0
b = 5.0
Dx = (b-a)/n
return sum([f(a+(i+1) * Dx) * Dx for i in range(n)])

The command

sizes = [5, 10, 20, 100, 1000]
table = [[n, (b-a)/n, rsum_lh(n),rsum_mid(n), rsum_rh(n)] for n in sizes]

yields the following data:

In fact, the exact value is log(5) = 1:609437:::, so these last few lines yielded
pretty good approximations.

3 If you have an electronic copy of this ¯le, and \copy-and-past e"
these into Python, keep in mind indenting is very important i n Python
syntax. http://www.python.org/doc/essays/styleguide.html
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left{hand midpoint right{hand
n ¢ x i Riemann sum Riemann sum Riemann sum

5 0.8 1.9779070602600015 1.5861709609993364 1.3379070602600014
10 0.4 1.7820390106296689 1.6032106782106783 1.462039010629669
20 0.2 1.6926248444201737 1.6078493243021688 1.5326248444201738
100 0.04 1.6255658911511259 1.6093739310551827 1.5935658911511259
1000 0.004 1.6110391924319691 1.6094372724359669 1.607839192431969

Figure 1.27: Table for Python example.

Practice 1.3.6. Replace1=x by x2 and [a; b] = [1 ; 5] by [a; b] = [ ¡ 1; 1] in the
Python code above and ¯nd the Riemann sum for the new function and n = 100.
Use the midpoint approximation. (You may useSAGE or Python, whichever
you prefer.)

Example 1.3.7. Find the Riemann sum for the function f (x) = sin( x) on
the interval [0; ¼] using the partition f 0; ¼=4; ¼=2; ¼g with c1 = ¼=4, c2 = ¼=2,
c3 = 3¼=4.

Solution: The 3 subintervals are [0; ¼=4], [¼=4; ¼=2], and [¼=2; ¼] so ¢ x1 =
¼=4, ¢ x2 = ¼=4 and ¢ x3 = ¼=2. The Riemann sum for this partition is

P 3
k=1 f (ck )¢ xk = sin( ¼=4)(¼=4) + sin( ¼=2)(¼=4) + sin(3 ¼=4)(¼=2)

= 1p
2

¼
4 + 1 ¢¼

4 + 1p
2

¼
2

= 2 :45148::: :

Practice 1.3.7. Find the Riemann sum for the function and partition in the
previous example, but usec1 = 0 , c2 = ¼=2, c3 = ¼=2.

1.3.3 Two special Riemann sums: lower and upper sums

Two particular Riemann sums are of special interest because they represent the
extreme possibilities for Riemann sums for a given partition.

De¯nition 1.3.2. Supposef is a positive function on [a; b], and P is a partition
of [a; b]. Let mk be the xvalue in the k-th subinterval so that f (mk ) is the
minimum value of f in that interval, and let M k be the xvalue in the k-th
subinterval so that f (M k ) is the maximum value off in that interval.

lower sum : LS =
P n

k=1 f (mk )¢ xk .
upper sum : US =

P n
k=1 f (M k )¢ xk .

Geometrically, the lower sum comes from building rectangles under the graph
of f (Figure 1.28(a)), and the lower sum (every lower sum) is less than or equal
to the exact areaA: LS · A for every partition P. The upper sum comes from
building rectangles over the graph of f (Figure 1.28(b)), and the upper sum
(every upper sum) is greater than or equal to the exact areaA: US ¸ A for
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Figure 1.28: Lower and upper Riemann sums.

every partition P. The lower and upper sums provide bounds on the size of the
exact area: LS · A · US.

Unfortunately, ¯nding minimums and maximums can be a timeconsuming
business, and it is usually not practical to determine lower and upper sums for
\arbitrary" functions. If f is monotonic, however, then it is easy to ¯nd the
values for mk and M k , and sometimes we can explicitly calculate the limits of
the lower and upper sums.

For a monotonic bounded function we can guarantee that a Riemann sum is
within a certain distance of the exact value of the area it is approximating.

Theorem 1.3.2. If f is a positive, montonically increasing, bounded function
on [a; b], then for any partition P and any Riemann sum forP,

distance between the Riemann sum and the exact area· distance between the
upper sum (US) and the lower sum (LS)· (f (b) ¡ f (a)) ¢(mesh of P).

Proof: The Riemann sum and the exact area are both between the upper
and lower sums so the distance between the Riemann sum and the exact area is
less than or equal to the distance between the upper and lower sums. Sincef is
monotonically increasing, the areas representing the di®erence of the upper and
lower sums can be slid into a rectangle whose height equalsf (b)¡ f (a) and whose
base equals the mesh ofP. Then the total di®erence of the upper and lower
sums is less than or equal to the area of the rectangle, (f (b) ¡ f (a)) ¢(mesh of P).
¤

1.3.4 Problems

For problems the next four problems, sketch the function and ¯nd the smallest
possible value and the largest possible value for a Riemann sum of the given
function and partition.

1. f (x) = 1 + x2

(a) P = f 1; 2; 4; 5g

(b) P = f 1; 2; 3; 4; 5g

(c) P = f 1; 1:5; 2; 3; 4; 5g
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2. f (x) = 7 ¡ 2x

(a) P = f 0; 2; 3g

(b) P = f 0; 1; 2; 3g

(c) P = f 0; :5; 1; 1:5; 2; 3g

3. f (x) = sin( x)

(a) P = f 0; ¼=2; ¼g

(b) P = f 0; ¼=4; ¼=2; ¼g

(c) P = f 0; ¼=4; 3¼=4; ¼g.

4. f (x) = x2 ¡ 2x + 3

(a) P = f 0; 2; 3g

(b) P = f 0; 1; 2; 3g

(c) P = f 0; :5; 1; 2; 2:5; 3g.

5. Suppose we divide the interval [1; 4] into 100 equally wide subintervals and
calculate a Riemann sum forf (x) = 1 + x2 by randomly selecting a point
ci in each subinterval.

(a) We can be certain that the value of the Riemann sum is within what
distance of the exact value of the area between the graph off and the
interval [1; 4] ?

(b) What if we take 200 equally long subintervals?

6. If f is monotonic decreasing on [a; b] and we divide the interval [a; b] into
n equally wide subintervals, then we can be certain that the Riemann sum
is within what distance of the exact value of the area between f and the
interval [ a; b]?

7. SupposeLS = 7 :362 and US = 7 :402 for a positive function f and a
partition P of the interval [1; 5].

(a) We can be certain that every Riemann sum for the partition P is
within what distance of the exact value of the area under the graph off
over the interval [1; 5]?

(b) What if LS = 7 :372 andUS = 7 :390?

1.4 The de¯nite integral

Each particular Riemann sum depends on several things: the functionf , the
interval [ a; b], the partition P of the interval, and the values chosen forck in
each subinterval. Fortunately, for most of the functions needed for applications,
as the approximating rectangles get thinner (as the mesh ofP approaches 0
and the number of subintervals gets bigger) the values of the Riemann sums
approach the same value independently of the particular partition P and the
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points ck . For these functions, the limit (as the mesh approaches 0) of the
Riemann sums is the same number no matter how theck 's are chosen. This
limit of the Riemann sums is the next big topic in calculus, the de¯nite integral.
Integrals arise throughout the rest of this book and in applications in almost
every ¯eld that uses mathematics.

De¯nition 1.4.1. If limmesh( P ) ! 0
P n

k=1 f (ck )¢ xk equals a ¯nite numberI then
f is said to be(Riemann) integrable on the interval [a; b].

The number I is called the de¯nite integral of f over [a; b] and is written
Rb

a f (x) dx.

The symbol
Rb

a f (x) dx is read \the integral from a to b of f of x dee x"or
\the integral from a to b of f (x) with respect to x." The lower limit is a,
upper limit is b, the integrand is f (x), and x is sometimes called thedummy
variable . Note that

Rb
a f (u) du numerically means exactly the same thing, but

with a di®erent dummy variable. The value of a de¯nite integral
Rb

a f (x) dx
depends only on the function f being integrated and on the endpointsa and
b. The following integrals each represent the integral of the functionf on the
interval [ a; b], and they are all equal:

Z b

a
f (x) dx =

Z b

a
f (t) dt =

Z b

a
f (u) du =

Z b

a
f (z) dz:

Also, note that when the upper limit and the lower limit are the same then the
integral is always 0:

Z a

a
f (x)dx = 0 :

There are many other properties, as we will see later.

Example 1.4.1. (Relation between velocity and area)
Suppose you're reading a car magazine and there is an articleabout a new

sports car that has this table in it:

Time (seconds) 0 1 2 3 4 5 6
Speed (mph) 0 5 15 25 40 50 60

They claim the car drove 1=8th of a mile after 6 seconds, but this just \feels"
wrong... Hmmm... Let's estimate the distance driven using the formula

distance = rate £ time:

We overestimate by assuming the velocity is a constant equalto the max on each
interval:

estimate = 5 ¢1 + 15 ¢1 + 25 ¢1 + 40 ¢1 + 50 ¢1 + 60 ¢1 =
195
3600

miles = 0 :054:::
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(Note: there are 3600 seconds in an hour.) But 1=8 » 0:125, so the article
is inconsistent. (Doesn't this sort of thing just bug you? By learning calculus
you'll be able to double-check things like this much more easily.)

Insight! The formula for the estimate of distance traveled above looks exactly
like an approximation for the area under the graph of the speed of the car!In
fact, if an object has velocityv(t) at time t, then the net change in position from
time a to b is Z b

a
v(t)dt:

If f is a velocity, then the integrals on the intervals wheref is positive measure
the distances moved forward; the integrals on the intervals wheref is negative
measure the distances moved backward; and the integral over the whole time
interval is the total (net) change in position, the distance moved forward minus
the distance moved backward.

Practice 1.4.1. A bug starts at the locationx = 12 on the x{axis at 1 pm and
walks along the axis in the positive direction with the velocity shown in Figure
1.29. How far does the bug travel between1 pm and 3 pm, and where is the bug
at 3 pm?

Figure 1.29: Velocity of a bug on thex{axis.

Practice 1.4.2. A car is driven with the velocity west shown in Figure 1.30.
(a) Between noon and6 pm how far does the car travel?
(b) At 6 pm, where is the car relative to its starting point (its position at

noon)?

Figure 1.30: Velocity of a car on thex{axis.

Units For the De¯nite Integral We have already seen that the \area" under
a graph can represent quantities whose units are not the usual geometric units
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of square meters or square feet. In general, the units for the de¯nite integralRb
a f (x)dx are (units for f (x))£ (units for x). A quick check of the units can

help avoid errors in setting up an applied problem.
For example, if x is a measure of time in seconds andf (x) is a velocity with

units feet/second, then ¢ x has the units seconds andf (x)¢ x has the units
(feet/second)(seconds) = feet, a measure of distance. Since each Riemann sumP

f (xk )¢ xk is a sum of feet and the de¯nite integral is the limit of the Riemann
sums, the de¯nite integral

Rb
a f (x)dx, has the same units, feet.

If f (x) is a force in grams, andx is a distance in centimeters, then
Rb

a f (x)dx
is a number with the units "gram ¢centimeters," a measure of work.

1.4.1 The Fundamental Theorem of Calculus

Example 1.4.2. For the function f (t) = 2 , de¯ne A(x) to be the area of the
region bounded by the graph off , the t{axis, and vertical lines at t = 1 and
t = x.

(a) Evaluate A(1), A(2), A(3), A(4).

(b) Find an algebraic formula for A(x), for x ¸ 1.

(c) Calculate d
dx A(x).

(d) Describe A(x) as a de¯nite integral.

Solution : (a) A(1) = 0 , A(2) = 2 , A(3) = 4 , A(4) = 6 . (b) A(x) = area of a
rectangle= (base)£ (height) = ( x¡ 1)¢(2) = 2 x¡ 2. (c) d

dx A(x) = d
dx (2x¡ 2) = 2 .

(d) A(x) =
Rx

1 2dt.

Practice 1.4.3. Answer the questions in the previous Example forf (t) = 3 .

A curious \coincidence" appeared in this Example and Practice problem: the
derivative of the function de¯ned by the integral was the same as the integrand,
the function \inside" the integral. Stated another way, the function de¯ned
by the integral was an \antiderivative" of the function \inside" the integra l.
We will see that this is no coincidence: it is an important property called The
Fundamental Theorem of Calculus.

Let f be a continuous function on the interval [a; b].

Theorem 1.4.1. (\Fundamental Theorem of Calculus") If F (x) is any di®er-
entiable function on [a; b] such that F 0(x) = f (x), then

Z b

a
f (x)dx = F (b) ¡ F (a):

The above theorem isincredibly useful in mathematics, physics, biology, etc.
One reason this is amazing, is because it says that the area under the entire
curve is completely determined by the values of a (\magic") auxiliary function
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at only 2 points. It's hard to believe. It reduces computing (1.4.1) to ¯nding
a single function F , which one can often do algebraically, in practice. Whether
or not one should use this theorem to evaluate an integral depends a lot on the
application at hand, of course. One can also use a partial limit via a computer
for certain applications (numerical integration).

Example 1.4.3. I've always wondered exactly what the area is under a \hump"
of the graph ofsin. Let's ¯gure it out, using F (x) = ¡ cos(x).

Z ¼

0
sin(x)dx = ¡ cos(¼) ¡ (¡ cos(0)) = ¡ (¡ 1) ¡ (¡ 1) = 2 :

In SAGE, you can do this both \algebraically" and \numerically" as follows.
SAGE

sage: f = lambda x: sin(x)
sage: integral(f(x),x,0,pi)
2
sage: numerical_integral(f(x),0,pi)
(1.9999999999999998, 2.2204460492503128e-14)

For the \algebraic" computation, SAGE knows how to integratesin(x) exactly,
so can compute

R¼
0 sin(x)dx = 2 using its integral command4. On the last

line of output, the ¯rst entry is the approximation, and the second is the error
bound. For the \numerical" computation, SAGE obtains5 the approximationR¼

0 sin(x)dx ¼ 1:99999::: by taking enough terms in a Riemann sum to achieve
a very small error. (A lot of theory of numerical integration goes into why
numerical_integral works correctly, but that would take us too far a¯eld to
explain here.)

Example 1.4.4. Let [:::] denote the \greatest integer" (or \°oor") function, so
[1=2] = [0:5] = 0 and [3=2] = [1:5] = 1. Evaluate

R3=2
1=2 [x] dx. (The function of

y = [ x] is sometimes called the \staircase function" because of thelook of its
discontinuous graph, Figure 1.31.)

Solution: f (x) = [ x] is not continuous at x = 1 in the interval [1=2:3=2] so
the Fundamental Theorem of Calculus can not be used. We can, however, use
our understanding of the meaning of an integral as an area to get

R3=2
1=2 [x] dx =

(areaundery=0between0.5and1)+( areaundery=1between1and1.5) = 0+1 =2 =
1=2.

Now, let's try something illegal - using the Fundamental Theorem of Calculus
to evaluate this. Pretend for the moment that the Fundamental Theorem of
Calculus is valid for discontinuous functions too. Let

4 In fact, SAGE includes Maxima ( http://maxima.sf.net ) and calls Maxima to compute
this integral.

5 In fact, SAGE includes the GNU Scienti¯c Library ( http://www.gnu.org/software/gsl/ )
and calls it to approximate this integral.
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Figure 1.31: Plot of the \greatest integer" function.

F (x) =
½

1; 1=2 · x · 1;
x; 1 < x · 3=2:

This function F is continuous and satis¯es F 0(x) = [ x] for all x in [1=2; 3=2]
exceptx = 1 (where f (x) = [ x] is discontinuous), so this F could be called an
\antiderivative" of f . If we use it to evaluate the integral we get

R3=2
1=2 [x] dx =

F (x)j3=2
1=2 = 3=2 ¡ 1 = 1=2. This is correct. (Surprised?) Let's try another

antiderivative. Let

F (x) =
½

2; 1=2 · x · 1;
x; 1 < x · 3=2:

This function F also satis¯es F 0(x) = [ x] for all x in [1=2; 3=2] exceptx = 1 . If
we use it to evaluate the integral we get

R3=2
1=2 [x] dx = F (x)j3=2

1=2 = 3=2¡ 2 = ¡ 1=2.
This doesn't even have the right sign (the integral of a non-negative function
must be non-negative!), so it must be wrong. Moral of the story: In general, the
Fundamental Theorem of Calculus is false for discontinuousfunctions.

But does such anF as in the fundamental theorem of calculus (Theorem 1.4.1)
always exist? The surprising answer is \yes".

Theorem 1.4.2. Let F (x) =
Rx

a f (t)dt. Then F 0(x) = f (x) for all x 2 [a; b].

Note that a \nice formula" for F can be hard to ¯nd or even provably non-
existent.

The proof of Theorem 1.4.2 is somewhat complicated but is given in complete
detail in many calculus books, and you should de¯nitely (no pun intended) read
and understand it.
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Proof: [Sketch of Proof] We use the de¯nition of derivative.

F 0(x) = lim
h! 0

F (x + h) ¡ F (x)
h

= lim
h! 0

ÃZ x + h

a
f (t)dt ¡

Z x

a
f (t)dt

!

=h

= lim
h! 0

ÃZ x + h

x
f (t)dt

!

=h

Intuitively, for h su±ciently small f is essentially constant, so
Rx + h

x f (t)dt »
hf (x) (this can be made precise using the extreme value theorem). Thus

lim
h! 0

ÃZ x + h

x
f (t)dt

!

=h = f (x);

which proves the theorem. ¤

1.4.2 Problems

In problems 1 { 4 , rewrite the limit of each Riemann sum as a de¯nite integral.

1. limmesh( P ) ! 0
P n

k=1 (2 + 3ck )¢ xk on the interval [0; 4].

2. limmesh( P ) ! 0
P n

k=1 cos(5ck )¢ xk on the interval [0; 11].

3. limmesh( P ) ! 0
P n

k=1 c3
k ¢ xk on the interval [2; 5].

4. limmesh( P ) ! 0
P n

k=1 ck ¢ xk on the interval [2; 5].

5. Write as a de¯nite integral (don't evaluate it though): The region bounded
by y = x3, the x{axis, the line x = 1, and x = 5.

6. Write as a de¯nite integral (don't evaluate it though): The region bounded
by y =

p
x, the x{axis, and the line x = 9.

7. Write as a de¯nite integral ( do evaluate it, using geometry formulas): The
region bounded byy = 2x, the x{axis, the line x = 1, and x = 3.

8. Write as a de¯nite integral ( do evaluate it, using geometry formulas): The
region bounded byy = jxj, the x{axis, and the line x = ¡ 1.

9. For f (x) = 3 + x, partition the interval [0 ; 2] into n equally wide subinter-
vals of length ¢ x = 2=n.

(a) Write the lower sum for this function and partition, and calculate
the limit of the lower sum as n ! 1 . (b) Write the upper sum for this
function and partition and ¯nd the limit of the upper sum as n ! 1 .
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10. For f (x) = x3, partition the interval [0 ; 2] into n equally wide subintervals
of length ¢ x = 2=n.

(a) Write the lower sum for this function and partition, and calculate the
limit of the lower sum as n ! 1 .

(b) Write the upper sum for this function and partition and ¯nd the limit
of the upper sum asn ! 1 .

1.4.3 Properties of the de¯nite integral

De¯nite integrals are de¯ned as limits of Riemann sums, and they can be inter-
preted as \areas" of geometric regions. This section continues to emphasize this
geometric view of de¯nite integrals and presents several properties of de¯nite
integrals. These properties are justi¯ed using the properties of summations and
the de¯nition of a de¯nite integral as a Riemann sum, but they also have natural
interpretations as properties of areas of regions. These properties are used in
this section to help understand functions that are de¯ned by integrals. They
will be used in future sections to help calculate the values of de¯nite integrals.

Since integrals are a lot like sums (they are, after all, limits of them), their
properties are similar too. Here is the integral analog of Theorem 1.3.1.

Theorem 1.4.3. (Integral Properties)

² Integral of a constant function:
Rb

a c dx = c ¢(b¡ a).

² Addition:
Rb

a (f (x) + g(x)) dx =
Rb

a f (x) dx +
Rb

a g(x) dx.

² Subtraction:
Rb

a (f (x) ¡ g(x)) dx =
Rb

a f (x) dx ¡
Rb

a g(x) dx.

² Constant Multiple:
Rb

a c ¢f (x) dx = c
Rb

a f (x) dx.

² Preserves positivity: If f (x) ¸ g(x) on for all x 2 [a; b], then

Z b

a
f (x) dx ¸

Z b

a
g(x) dx:

In particular, if f (x) ¸ 0 on for all x 2 [a; b], then

Z b

a
f (x) dx ¸ 0:

² Additivity of ranges:
Rb

a f (x) dx +
Rc

b f (x) dx =
Rc

a f (x) dx.

Here are some other properties.

Theorem 1.4.4.

(b¡ a) ¢( min
x 2 [a;b]

f (x)) ·
Z b

a
f (x) dx · (b¡ a) ¢( min

x 2 [a;b]
f (x)) :
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Figure 1.32: Plot illustrating Theorem 1.4.4.

Which Functions Are Integrable? This important question was ¯nally an-
swered in the 1850s by Georg Riemann, a name that should be familiar by
now. Riemann proved that a function must be badly discontinuous to not be
integrable.

Theorem 1.4.5. Every continuous function is integrable. If f is continuous on
the interval [a; b], then limmesh( P ) ! 0(

P n
k=1 f (ck )¢ xk ) is always the same ¯nite

number, namely,
Rb

a f (x) dx, so f is integrable on [a; b].

In fact, a function can even have any ¯nite number of breaks and still be
integrable.

Theorem 1.4.6. Every bounded, piecewise continuous function is integrable.
If f is de¯ned and bounded ( for all x in [a; b], M · f (x) · M for some
M > 0), and continuous except at a ¯nite number of points in [a; b], then
limmesh( P ) ! 0(

P n
k=1 f (ck )¢ xk ) is always the same ¯nite number, namely,

Rb
a f (x) dx,

so f is integrable on [a; b].

Example 1.4.5. (A Nonintegrable Function)
Though rarely encountered in \everyday practice", there are functions for

which the limit of the Riemann sums does not exist, and those functions are
not integrable.

A nonintegrable function: The function

f (x) =
½

1; if x is a rational number;
0; if x is an irrational number

is not integrable on [0; 1].
Proof: For any partition P, suppose that you, a very rational (pun intended)

person, always select values ofck which are rational numbers. (Every subinterval
contains rational numbers and irrational numbers, so you can always pickck to
be a rational number.) Then f (ck ) = 1 , and your Riemann sum is always

YP =
nX

k=1

f (ck )¢ xk =
nX

k=1

¢ xk = xn ¡ x0 = 1 :

Suppose your friend, however, always selects values ofck which are irrational
numbers. Then f (ck ) = 0 , and your friend's Riemann sum is always
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FP =
nX

k=1

f (ck )¢ xk =
nX

k=1

0 ¢¢ xk = 0 :

Now, take ¯ner and ¯ner partitions P so that mesh(P) ! 0. Keep in mind that,
no matter how you re¯ne P, you can always make \rational choices" forck and
your friend can always make \irrational choices". We havelimmesh( P ) ! 0 YP = 1
and limmesh( P ) ! 0 FP = 0 , so the limit of the Riemann sums doesn't have a
unique value. Therefore the limit

lim
mesh( P ) ! 0

(
nX

k=1

f (ck )¢ xk )

does not exist, sof is not integrable.

1.4.4 Problems

Problems 1 { 20 refer to the graph of f in Figure 1.33. Use the graph to
determine the values of the de¯nite integrals. (The bold numbers represent the
area of each region.)

Figure 1.33: Plot for problems.

1.
R3

0 f (x) dx

2.
R5

3 f (x) dx

3.
R2

2 f (x) dx

4.
R7

6 f (x) dx

5.
R5

0 f (x) dx

6.
R7

0 f (x) dx

7.
R6

3 f (x) dx

8.
R7

5 f (x) dx
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9.
R0

3 f (x) dx

10.
R3

5 f (x) dx

11.
R0

6 f (x) dx

12.
R3

0 2f (x) dx

13.
R4

4 f (x)2 dx

14.
R3

0 1 + f (t) dt

15.
R3

0 x + f (x) dx

16.
R5

3 3 + f (x) dx

17.
R5

0 2 + f (x) dx

18.
R5

3 jf (x)j dx

19.
R3

7 1 + jf (x)j dx

For problems 21{28, sketch the graph of the integrand function and use it to
help evaluate the integral. (j:::j denotes the absolute value and [:::] denotes the
integer part.)

21.
R4

0 jxj dx,

22.
R4

0 1 + jxj dx,

23.
R2

¡ 1 jxj dx,

24.
R2

1 jxj ¡ 1dx,

25.
R3

1 [x] dx,

26.
R3:5

1 [x] dx,

27.
R3

1 2 + [x] dx,

28.
R1

3 [x] dx.
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1.5 Areas, integrals, and anti-derivatives

This section explores properties of functions de¯ned as areas and examines some
of the connections among areas, integrals and antiderivatives. In order to focus
on the geometric meaning and connections, all of the functions in this section are
nonnegative, but the results are generalized in the next section and proved true
for all continuous functions. This section also introduces examples to illustrate
how areas, integrals and antiderivatives can be used. Whenf is a continuous,
nonnegative function, then the \area function" A(x) =

Rx
a f (t) dt represents the

area between the graph off , the t{axis, and between the vertical lines at t = a
and t = x (Figure 1.34), and the derivative of A(x) represents the rate of change
(growth) of A(x).

Figure 1.34: Plot of an \area function".

Let F (x) be a di®erentiable function. CallF (x) an antiderivative of f (x) if
d

dx F (x) = f (x). We have seen examples which showed that, at least forsome
functions f , the derivative of A(x) was equal tof soA(x) was an antiderivative
of f . The next theorem says the result is true for every continuous, nonnegative
function f .

Theorem 1.5.1. (\The Area Function is an Antiderivative") If f is a contin-
uous nonnegative function,x ¸ a, and A(x) =

Rx
a f (t) dt then d

dx

Rx
a f (t) dt =

d
dx A(x) = f (x), so A(x) is an antiderivative of f (x).

This result relating integrals and antiderivatives is a special case (for non-
negative functions f ) of the Fundamental Theorem of Calculus. This result is
important for two reasons:

² it says that a large collection of functions have antiderivatives, and

² it leads to an easy way of exactly evaluating de¯nite integrals.

x

Example 1.5.1. Let G(x) = d
dx

Rx
0 cos(t)dt. Evaluate G(x) for x = ¼=4, ¼=2,

and 3¼=4.
Solution: It is not hard to plot the graph of A(x) =

Rx
0 cos(t)dt = sin( x)

(Figure 1.35). By the theorem, A0(x) = G(x) = cos(x) so A0(¼=4) = cos(¼=4) =
:707:::, A0(¼=2) = cos(¼=2) = 0 , and A0(3¼=4) = cos(3=4) = ¡ 0:707::: .
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Figure 1.35: Plot of y =
Rx

0 G(t) dt and y = G(x).

Here is the plot of y = A(x) and y = G(x):

Incidentally, this was created using the followingSAGE commands.
SAGE

sage: P = plot(cos(x),x,0,2 * pi,linestyle="--")
sage: Q = plot(sin(x),x,0,2 * pi)
sage: R = text("$y=A(x) = \sin(x)$",(3.1,1))
sage: S = text("$y=G(x) = \cos(x)$",(6.8,0.7))
sage: show(P+Q+R+S)

Theorem 1.5.2. (\Antiderivatives and De¯nite Integrals") If f is a continu-
ous, nonnegative function andF is any antiderivative of f (F 0(x) = f (x)) on
the interval [a; b], then

area bounded between the graph
of f and the x{axis and

vertical lines at x = a and x = b
=

Rb
a f (x) dx = F (b) ¡ F (a).

The problem of ¯nding the exact value of a de¯nite integral reduces to ¯nding
some (any) antiderivative F of the integrand and then evaluating F (b)F (a).
Even ¯nding one antiderivative can be di±cult, and, for now, we will stick to
functions which have easy antiderivatives. Later we will explore some methods
for ¯nding antiderivatives of more di±cult functions.

The evaluation F (b) ¡ F (a) is represented by the symbolF (x)jba .

Example 1.5.2. Evaluate
R3

1 x dx in two ways:

(a) By sketching the graph ofy = x and geometrically ¯nding the area.

(b) By ¯nding an antiderivative of F (x) of f and evaluatingF (3) ¡ F (1).

Solution: (a) The graph of y = x is a straight line, so the area is a triangle
which geometrical formulas (area=1

2 bh) tell us has area4.
(b) One antiderivative of x is F (x) = 1

2 x2 (check that d
dx ( 1

2 x2) = x), and
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1.5. AREAS, INTEGRALS, AND ANTI-DERIVATIVES

F (x)j31 = F (3) ¡ F (1) =
1
2

32 ¡
1
2

12 = 4 ;

which agrees with (a). Suppose someone chose another antiderivative of x, say
F (x) = 1

2 x2 + 7 (check that d
dx ( 1

2 x2 + 7) = x), then

F (x)j31 = F (3) ¡ F (1) = (
1
2

32 + 7) ¡ (
1
2

12 + 7) = 4 :

No matter which antiderivative F is chosen,F (3) ¡ F (1) equals4.

Practice 1.5.1. Evaluate
R3

1 (x ¡ 1) dx in the two ways of the previous example.

Practice 1.5.2. Find the area between the graph ofy = 3x2 and the horizontal
axis for x between1 and 2.

1.5.1 Integrals, Antiderivatives, and Applications

The antiderivative method of evaluating de¯nite integrals can also be used when
we need to ¯nd an \area," and it is useful for solving applied problems.

Example 1.5.3. Suppose thatt minutes after putting 1000bacteria on a petri
plate the rate of growth of the population is6t bacteria per minute.

(a) How many new bacteria are added to the population during the ¯rst 7
minutes?

(b) What is the total population after 7 minutes?

(c) When will the total population be 2200bacteria?

Solution: (a) The number of new bacteria is the area under therate of growth
graph, and one antiderivative of 6t is 3t2 (check that d

dx (3t2) = 6 t) so new

bacteria =
R7

0 6t dt = 3 t2j70 = 147.
(b) The new population = (old population) + (new bacteria) = 1000 + 147 =

1147bacteria.
(c) If the total population is 2200bacteria, then there are2200¡ 1000 = 1200

new bacteria, and we need to ¯nd the timeT needed for that many new bacteria
to occur. 1200 new bacteria =

RT
0 6t dt = 3 t2jT0 = 3( T)2 ¡ 3(0)2 = 3T2 so

T2 = 400 and T = 20 minutes. After 20 minutes, the total bacteria population
will be 1000 + 1200 = 2200.

Practice 1.5.3. A robot has been programmed so that when it starts to move,
its velocity after t seconds will be3t2 feet/second.

(a) How far will the robot travel during its ¯rst 4 seconds of movement?

(b) How far will the robot travel during its next 4 seconds of movement?

(c) How many seconds before the robot is 729 feet from its starting place?
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(Hint: an antiderivative of 3t2 is t3.)

Practice 1.5.4. The velocity of a car after t seconds is2t feet per second.

(a) How far does the car travel during its ¯rst 10 seconds?

(b) How many seconds does it take the car to travel half the distance in part
(a)?

1.6 Inde¯nite Integrals and Change

1.6.1 Inde¯nite Integrals

The notation
R

f (x)dx = F (x) means that F 0(x) = f (x) on some (usually speci-
¯ed) domain of de¯nition of f (x). Recall, we call such anF (x) an antiderivative
of f (x).

Proposition 1.6.1. Supposef is a continuous function on an interval (a; b).
Then any two antiderivatives di®er by a constant.

Proof: If F1(x) and F2(x) are both antiderivatives of a function f (x), then

(F1(x) ¡ F2(x))0 = F 0
1(x) ¡ F 0

2(x) = f (x) ¡ f (x) = 0 :

Thus F1(x) ¡ F2(x) = c from some constantc (since only constant functions
have slope 0 everywhere). ThusF1(x) = F2(x) + c as claimed. ¤

We thus often write Z
f (x)dx = F (x) + C;

where C is an (unspeci¯ed ¯xed) constant.
Note that the proposition need not be true if f is not de¯ned on a whole

interval. For example, f (x) = 1 =x is not de¯ned at 0. For any pair of constants
c1, c2, the function

F (x) =

(
ln( jxj) + c1 x < 0;
ln(x) + c2 x > 0;

satis¯es F 0(x) = f (x) for all x 6= 0. We often still just write
R

1=x = ln( jxj) + c
anyways, meaning that this formula is supposed to hold only on one of the
intervals on which 1=x is de¯ned (e.g., on (¡1 ; 0) or (0; 1 )).

We pause to emphasize the notation di®erence between de¯nite and inde¯nite
integration.

Z b

a
f (x)dx = a speci¯c number

Z
f (x)dx = a (family of) functions

35



1.6. INDEFINITE INTEGRALS AND CHANGE

There are no small families in the world of antiderivatives: if f has one an-
tiderivative F (as it always does, unlessf is a really unusual function), then f
has an in¯nite number of antiderivatives and every one of them has the form
F (x) + C.

Example 1.6.1. There are many ways to write a particular inde¯nite inte-
gral and some of them may look very di®erent. You can check thatF (x) =
sin(x)2, G(x) = ¡ cos(x)2, and H (x) = 2 sin( x)2 + cos(x)2 all have the same
derivative f (x) = 2 sin( x) cos(x), so the inde¯nite integral of 2 sin(x) cos(x),R

2 sin(x) cos(x) dx, can be written in several ways:sin(x)2+ C, or ¡ cos(x)2+ C,
or 2 sin(x)2 + cos(x)2 + C.

One of the main goals of this course is to help you to get really good at
computing

R
f (x)dx for various functions f (x). It is useful to memorize a table

of examples (see, e.g., page 406 of Stewart), since often the trick to integration
is to relate a given integral to a known one. Integration is like solving a puzzle
or playing a game, and often you win by moving into a position where you know
how to defeat your opponent, e.g., relating your integral to integrals that you
already know how to do. If you know how to do a basic collection of integrals,
it will be easier for you to see how to get to a known integral from an unknown
one.

Whenever you successfully computeF (x) =
R

f (x)dx, then you've constructed

a mathematical gadgetthat allows you to very quickly compute
Rb

a f (x)dx for
any a; b (in the interval of de¯nition of f (x)). The gadget is F (b) ¡ F (a). This
is really powerful.

Example 1.6.2.
Z

x2 + 1 +
1

x2 + 1
dx =

Z
x2dx +

Z
1dx +

Z
1

x2 + 1
dx

=
1
3

x2 + x + tan ¡ 1(x) + c:

Example 1.6.3.

Z r
5
x

dx =
Z p

5x ¡ 1=2dx = 2
p

5x1=2 + c:

Example 1.6.4.
Z

sin(2x)
sin(x)

dx =
Z

2 sin(x) cos(x)
sin(x)

=
Z

2 cos(x) = 2 sin( x) + c

Particular Antiderivatives : You can verify the following yourself.

² Constant Function:
R

k dx = kx + C

² Powers ofx:
R

xn dx = x n +1

n +1 + C,
n 6= ¡ 1.
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R
x ¡ 1 dx = ln( x) + C.

Common special cases:
Rp

x dx = 2
3 x3=2 + C.

R
1p
x dx = 2x1=2 + C.

² Trigonometric Functions:
R

cos(x) dx = sin( x) + C.
R

sin(x) dx = ¡ cos(x) + C.
R

sec(x)2 dx = tan( x) + C.
R

csc(x)2 dx = ¡ cot(x) + C.
R

sec(x) tan( x) dx = sec(x) + C.
R

csc(x) cot(x) dx = ¡ csc(x) + C.

1.6.2 Physical Intuition

In the previous lecture we mentioned a relation between velocity, distance, and
the meaning of integration, which gave you a physical way of thinking about
integration. In this section we generalize our previous observation.

The following is a restatement of the fundamental theorem of calculus.

Theorem 1.6.1. (Net Change Theorem) The de¯nite integral of the rate of
changeF 0(x) of some quantityF (x) is the net change in that quantity:

Z b

a
f 0(x)dx = f (b) ¡ f (a):

For example, if p(t) is the population of students at UCSD at time t, then
p0(t) is the rate of change. Lately p0(t) has been positive sincep(t) is growing
(rapidly!). The net change interpretation of integration is that

Z t 2

t 1

p0(t)dt = p(t2) ¡ p(t1) = change in number of students from time t1 to t2:

Another very common example you'll seen in problems involves water °ow into
or out of something. If the volume of water in your bathtub is V (t) gallons at
time t (in seconds), then the rate at which your tub is draining is V 0(t) gallons
per second. If you have the geekiest drain imaginable, it prints out the drainage
rate V 0(t). You can use that printout to determine how much water drained out
from time t1 to t2:

Z t 2

t 1

V 0(t)dt = water that drained out from time t1 to t2

Some problems will try to confuse you with di®erent notions of change. A
standard example is that if a car hasvelocity v(t), and you drive forward, then
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slam it in reverse and drive backward to where you start (say 10 seconds total
elapse), thenv(t) is positive some of the time and negative some of the time.
The integral

R10
0 v(t)dt is not the total distance registered on your odometer,

sincev(t) is partly positive and partly negative. If you want to express how far
you actually drove going back and forth, compute

R10
0 jv(t)jdt. The following

example emphasizes this distinction:

Example 1.6.5. A bug is pacing back and forth, and has velocity v(t) =
t2 ¡ 2t ¡ 8. Find (1) the displacement of the bug from time t = 1 until time
t = 6 (i.e., how far the bug is at time 6 from where it was at time 1), and (2)
the total distance the bug paced from time t = 1 to t = 6.

For (1), we compute

Z 6

1
(t2 ¡ 2t ¡ 8)dt =

·
1
3

t3 ¡ t2 ¡ 8t
¸ 6

1
= ¡

10
3

:

For (2), we compute the integral of jv(t)j:

Z 6

1
jt2 ¡ 2t ¡ 8jdt =

·
¡

µ
1
3

t3 ¡ t2 ¡ 8t
¶¸ 4

1
+

·
1
3

t3 ¡ t2 ¡ 8t
¸ 6

4
= 18 +

44
3

=
98
3

:

1.7 Substitution and Symmetry

Remarks:

1. The total distance traveled is
Rt 2

t 1
jv(t)jdt since jv(t)j is the rate of

change ofF (t) = distance traveled (your speedometer displays the rate of
change of your odometer).

2. How to compute
Rb

a jf (x)jdx.

(a) Find the zeros of f (x) on [a; b], and use these to break the interval
up into subintervals on which f (x) is always ¸ 0 or always · 0.

(b) On the intervals where f (x) ¸ 0, compute the integral of f , and on
the intervals where f (x) · 0, compute the integral of ¡ f .

(c) The sum of the above integrals on intervals is
R

jf (x)jdx.

This section is primarly about a powerful technique for computing de¯nite
and inde¯nite integrals.

1.7.1 The Substitution Rule

In ¯rst quarter calculus you learned numerous methods for computing deriva-
tives of functions. For example, thepower rule asserts that

(xa)0 = a ¢xa¡ 1:
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We can turn this into a way to compute certain integrals:
Z

xadx =
1

a + 1
xa+1 if a 6= ¡ 1:

Just as with the power rule, many other rules and results that you already
know yield techniquesfor integration. In general integration is potentially much
trickier than di®erentiation, because it is often not obvious which technique to
use, or even how to use it.Integration is a more exciting than di®erentiation!

Recall the chain rule , which asserts that

d
dx

f (g(x)) = f 0(g(x))g0(x):

We turn this into a technique for integration as follows:

Proposition 1.7.1. (Substitution Rule) Let u = g(x), we have
Z

f (g(x))g0(x)dx =
Z

f (u)du;

assuming that g(x) is a function that is di®erentiable and whose range is an
interval on which f is continuous.

Proof: Since f is continuous on the range ofg, Theorem 1.4.2 (the funda-
mental theorem of Calculus) implies that there is a functionF such that F 0 = f .
Then

Z
f (g(x))g0(x)dx =

Z
F 0(g(x))g0(x)dx

=
Z µ

d
dx

F (g(x))
¶

dx

= F (g(x)) + C

= F (u) + C =
Z

F 0(u)du =
Z

f (u)du:

¤
If u = g(x) then du = g0(x)dx, and the substitution rule simply says if you let

u = g(x) formally in the integral everywhere, what you naturally would hope to
be true based on the notation actually is true. The substitution rule illustra tes
how the notation Leibniz invented for Calculus is incredibly brilliant . It is said
that Leibniz would often spend days just trying to ¯nd the right notation for a
concept. He succeeded.

As with all of Calculus, the best way to start to get your head around a new
concept is to see severally clearly worked out examples. (And the best way to
actually be able to use the new idea is todo lots of problems yourself!) In this
section we present examples that illustrate how to apply the substituion rule to
compute inde¯nite integrals.
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Example 1.7.1. Z
x2(x3 + 5) 9dx

Let u = x3 + 5 . Then du = 3x2dx, hencedx = du=(3x2). Now substitute it all
in: Z

x2(x3 + 5) 9dx =
Z

1
3

u9 =
1
30

u10 =
1
30

(x3 + 5) 10:

There's no point in expanding this out: \only simplify for a purpose!"

Example 1.7.2. Z
ex

1 + ex dx

Substitute u = 1 + ex . Then du = ex dx, and the integral above becomes
Z

du
u

= ln juj = ln j1 + ex j = ln(1 + ex ):

Note that the absolute values are not needed, since1 + ex > 0 for all x.

Example 1.7.3. Z
x2

p
1 ¡ x

dx

Keeping in mind the power rule, we make the substitutionu = 1 ¡ x. Then
du = ¡ dx. Noting that x = 1 ¡ u by solving for x in u = 1 ¡ x, we see that the
above integral becomes

Z
¡

(1 ¡ u)2
p

u
du = ¡

Z
1 ¡ 2u + u2

u1=2
du

= ¡
Z

u¡ 1=2 ¡ 2u1=2 + u3=2du

= ¡
µ

2u1=2 ¡
4
3

u3=2 +
2
5

u5=2
¶

= ¡ 2(1 ¡ x)1=2 +
4
3

(1 ¡ x)3=2 ¡
2
5

(1 ¡ x)5=2:

The steps of the \change of variable" method can be summarized as

1. set a new variable, sayu , equal to some function of the original variable
x (usually u is set equal to some part of the original integrand function),

2. calculate the di®erentialdu as a function of dx,

3. rewrite the original integral in terms of u and du,

4. integrate the new integral to get an answer in terms ofu,

5. replace the u in the answer to get an answer in terms of the original
variable.
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A \Rule of thumb" for changing the variable: If part of the integrand is
a composition of functions, f (g(x)), then try setting u = g(x), the \inner"
function.

Example 1.7.4. elect a function for u for each integral and rewrite the integral
in terms of u and du.

(a)
R

cos(3x)
p

2 + sin(3x) dx, (b)
R

5ex

2+ ex dx, (c)
R

ex sin(ex ) dx.
Solution: (a) Put u = 2 + sin(3 x). Then du = 3 cos(3x) dx, and the integral

becomes
R

1
3

p
u du.

(b) Put u = 2 + ex . Then du = ex dx, and the integral becomes
R

5
u du.

(c) Put u = ex . Then du = ex dx, and the integral becomes
R

sin(u) du.

1.7.2 Changing the variable and de¯nite integrals

Once an antiderivative in terms of u is found, we have a choice of methods. We
can

(a) rewrite our antiderivative in terms of the original variable x, and then
evaluate the antiderivative at the integration endpoints and subtract, or

(b) change the integration endpoints to values of u, and evaluate the an-
tiderivative in terms of u before subtracting.

If the original integral had endpoints x = a and x = b, and we make the sub-
stitution u = g(x) and du = g0(x)dx, then the new integral will have endpoints
u = g(a) and u = g(b):

Z x = b

x = a
(original integrand) dx becomes

Z u= g(b)

u= g(a)
(new integrand) du:

Example 1.7.5. To evaluate

Z 1

0
(3x ¡ 1)4 dx;

we can, in line with the \Rule o thumb" above, use the substitution u = 3x ¡ 1.
Then du = d

dx (3x ¡ 1)dx = 3dx, so the inde¯nite integral
R

(3x ¡ 1)4 dx becomesR
1
3 u4 du = 1

15 u5 + C.
(a) Converting our antiderivative back to the variablex and evaluating with

the original endpoints:

Z 1

0
(3x ¡ 1)4 dx = (

1
15

(3x ¡ 1)5 + C)j10 =
32
15

¡
¡ 1
15

=
11
5

= 2 :2:

(b) Converting the integration endpoints to values ofu : when x = 0 , then
u = 3x ¡ 1 = 3 ¢0¡ 1 = ¡ 1, and whenx = 1 , then u = 3x ¡ 1 = 3 ¢1¡ 1 = 2 so

Z 1

0
(3x ¡ 1)4 dx =

Z 2

¡ 1

1
3

u4 du = (
1
15

u5 + C)j2¡ 1 =
11
5

= 2 :2:
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Both approaches typically involve about the same amount of work and calcula-
tion. Of course, these approaches lead to the same numberical answer, by the
\substitution rule" (Proposition 1.7.1).

Here's how to do this usingSAGE. Note that the area under the two curves
plotted below,y = (3 x ¡ 1)4, 0 < x < 1, and y = x4=3, ¡ 1 < x < 2, are the
same.

SAGE

sage: x,u = var("x,u")
sage: integral((3 * x-1)ˆ4,x,0,1)
11/5
sage: integral(uˆ4/3,u,-1,2)
11/5
sage: P = plot((3 * x-1)ˆ4,x,0,1,rgbcolor=(0.7,0.1,0.5), plot_points=40)
sage: Q = plot(uˆ4/3,u,-1,2,linestyle=":")
sage: R = text("$y=(3x-1)ˆ4$",(1.4,12))
sage: S = text("$y=xˆ4/3$",(2,2.5))
sage: plot(P+Q+R+S)

Figure 1.36: Plots of y = (3 x ¡ 1)4 and y = x4=3.

1.7.3 Symmetry

An odd function is a function f (x) (de¯ned for all reals) such that f (¡ x) =
¡ f (x), and an even function one for which f (¡ x) = f (x). If f is an odd
function, then for any a, Z a

¡ a
f (x)dx = 0 :

If f is an even function, then for anya,
Z a

¡ a
f (x)dx = 2

Z a

0
f (x)dx:

Both statements are clear if we view integrals as computing the signed area
between the graph off (x) and the x-axis.
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Example 1.7.6. An even example,

Z 1

¡ 1
x2dx = 2

Z 1

0
x2dx = 2

·
1
3

x3
¸ 1

0
=

2
3

;

and an odd example,
Z 1

¡ 1
x3dx =

·
1
4

x4
¸ 1

¡ 1
= 0 :

These computations are consistent with the symmetry (or \anti-symmetry")
of the graphs and what you know about the relationship between the integral and
area.

Figure 1.37: Plots of y = x2 and y = x3.

1.7.4 Problems

For the problems below, let f (x) = x2 and g(x) = x and verify that

1.
R

f (x) ¢g(x) dx 6=
R

f (x) dx ¢
R

g(x) dx.

2.
R

f (x)=g(x) dx 6=
R

f (x) dx=
R

g(x) dx.

3.
q R

f (x) dx 6=
Rp

f (x) dx.

4. 1R
f (x ) dx 6=

R
1

f (x ) dx.
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1.7. SUBSTITUTION AND SYMMETRY
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Chapter 2

Applications of the integral

The development of calculus by Newton and Leibniz was a vital step in the
advancement of pure mathematics, but Newton also advanced the applied sci-
ences and mathematics. Not only did he discover theoretical results, but he
immediately used those results to answer important applied questions about
gravity and motion. The success of these applications of mathematics to the
physical sciences helped establish what we now take for granted: mathematics
can and should be used to answer questions about the world. Newton applied
mathematics to the outstanding problems of his day, problems primarily in the
¯eld of physics. In the intervening 300 years, thousands of people have contin-
ued these theoretical and applied traditions and have used mathematics to help
develop our understanding of all of the physical and biological sciences as well
as the behavioral sciences and business. Mathematics is still used to answer
new questions in physics and engineering, but it is also important for modeling
ecological processes, for understanding the behavior of DNA, for determining
how the brain works, and even for devising strategies for voting e®ectively. The
mathematics you are learning now can help you become part of this tradition,
and you might even use it to add to our understanding of di®erent areas of life.
It is important to understand the successful applications of integration in case
you need to use those particular applications. It is also important that you
understand the process of building models with integrals so you can apply it to
new problems. Conceptually, converting an applied problem to a Riemann sum
is the most valuable and the most di±cult step.

2.0.5 Using integration to determine areas

This section is about how to compute the area of fairly general regions in the
plane. Regions are often described as the area enclosed by the graphs of sev-
eral curves. (\My land is the plot enclosed by that river, that fence, and the
highway.")

Recall that the integral
Rb

a f (x)dx has a geometric interpretation as the signed
area between the graph off (x) and the x-axis. We de¯ned area by subdividing,
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adding up approximate areas (use points in the intervals) asRiemann sums,
and taking the limit. Thus we de¯ned area as a limit of Riemann sums. The
fundamental theorem of calculus asserts that we can compute areas exactly
when we can ¯nding antiderivatives.

Figure 2.1: Area betweeny = f (x) and y = g(x).

Instead of considering the area between the graph off (x) and the x-axis,
we consider more generally two graphs,y = f (x), y = g(x), and assume for
simplicity that f (x) ¸ g(x) on an interval [a; b]. Again, we approximate the area
betweenthese two curves as before using Riemann sums. Each approximating
rectangle has width (b¡ a)=n and height f (x) ¡ g(x), so

Area bounded by graphs»
X

[f (ci ) ¡ g(ci )]¢ x:

Note that f (x) ¡ g(x) ¸ 0, so the area is nonnegative. From the de¯nition of
integral we see that the exact area is

Area bounded by graphs =
Z b

a
(f (x) ¡ g(x))dx: (2.1)

Why did we make a big deal about approximations instead of just writing
down (2.1)? Because having a sense of how this area comes directly from a
Riemann sum is very important. But, what is the point of the Riemann sum
if all we're going to do is write down the integral? The sum embodies the
geometric manifestation of the integral. If you have this picture in your mind,
then the Riemann sum hasdone its job. If you understand this, you're more
likely to know what integral to write down; if you don't, then you might not .

Remark 2.0.1. By the linearity property of integration, our sought for area is
the di®erence

Z b

a
f (x)dx ¡

Z b

a
g(x)dx;

of two signed areas.
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Example 2.0.7. Find the area enclosed byy = x + 1 , y = 9 ¡ x2, x = ¡ 1,
x = 2 .

Area =
Z 2

¡ 1

h
(9 ¡ x2) ¡ (x + 1)

i
dx

We have reduced the problem to a computation:

Z 2

¡ 1
[(9 ¡ x2) ¡ (x + 1)] dx =

Z 2

¡ 1
(8 ¡ x ¡ x2)dx =

·
8x ¡

1
2

x2 ¡
1
3

x3
¸ 2

¡ 1
=

39
2

:
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